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Abstract. By using the approach in to Hall algebras arising in homologi- 
cally finite triangulated categories, we find an 'almost' associative multiplica- 
tion structure for indecomposable objects in a 2-periodic triangulated category. 
As an application, we give a new proof of the theorem of Peng and Xiao in 
[5] which provides a way of realizing symmetrizable Kac-Moody algebras and 
elliptic Lie algebras via 2-periodic triangulated categories. 



Introduction 

Let U be the universal enveloping algebra of a simple Lie algebra of type A, D 
or E over the field of rational numbers Q. There are many interesting results in- 
volving the categorification and the geometrization of U. The work of Gabriel [T] 
strongly suggested the possibility of the categorification. He showed that there 
exists a bijection between isomorphism classes of all indecomposable modules over 
a hereditary algebra of Dynkin type and the positive roots of the corresponding 
semisimple Lie algebra. In [6], Ringel explicitly realized the positive part of U 
through the Hall algebra approach. A different but somewhat parallel realization 
was given by Lusztig. He showed that the negative part of U can be geometrically 
realized by using constructible functions on affine spaces of representations of a 
preprojective algebra in [3]. One may naturally consider to recover the whole Lie 
algebras and the whole (quantized) enveloping algebras [B^* . 

Nakajima |1] showed that an arbitrarily large finite-dimensional quotient oiU can 
be realized in terms of the homology of a triple variety. A different construction was 
given by Lusztig in [3] in terms of constructible functions on the triple variety. On 
the other hand, Peng and Xiao [5] defined a Lie bracket between two isomorphism 
classes of indecomposable objects in a fc-additive triangulated category with the 
translation functor T satisfying = 1 for a finite field k with the cardinality q. 
It induces a Lie algebra over — 1), while it is still unknown which associative 
multiplication induces the Lie bracket over ^/(g — 1). However, it seems to be 
hopeless to realize the whole enveloping algebra by the constructions of Nakajima 
[4j and Lusztig [3]. 

Recently, Toen gave a multiplication formula which defines an associative alge- 
bra (called the derived Hall algebra) corresponding to a dg category [7]. In [8], 
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we extended to prove that Toen's formula can be applied to define an associative 
algebra for any triangulated category with some homological finiteness conditions. 
Unfortunately, a 2-periodic triangulated category does not satisfy these homolog- 
ical finiteness conditions in general. Hence, Toen's formula can not supply the 
realization of quantum groups. However, the approach in [8] strongly suggests the 
possibility to construct an associative multiplication over Z/(q — 1). 

Inspired by the method discussed in 8 , in this paper, we prove that there exists 
an 'almost' associative multiplication over — 1) for isomorphism classes 

of indecomposable objects in a 2-periodic triangulated category (Corollarv II. Sp . 
The associativity of the multiplication heavily depends on the choice of structure 
constants (Hall numbers) for defining the multiplication. The key techniques in 
this paper are to substitute derived Hall numbers in [7] or [8] for Hall numbers in 
[5] and introduce new variants associated to indecomposable objects. As a direct 
application, we obtain a new proof of the theorem of Peng and Xiao in [5], i.e.. 
Theorem 12.41 in Section 3. 

1. The 'almost' associativity 

Given a finite field k with q elements, let C2 be a fc-additive triangulated cate- 
gory with the translation functor T = [1] satisfying (1) the homomorphism space 
tlomc^iX, Y) for any two objects X and F in C is a finite dimensional fc-space, (2) 
the endomorphism ring EndX for any indecomposable object X is finite dimen- 
sional local fc-algebra and (3) = 1. Then the category C2 is called a 2-periodic 
triangulated category. For any M S C2, we set dimM to be the canonical image of 
M in the Grothendieck group of C2. Throughout this paper, we assume C2 is proper, 
i.e., for any nonzero indecomposable object X in C2, dim X ^ 0. By indC2 we denote 
the set of representatives of isomorphism classes of all indecomposable objects in 
€2- For any indecomposable object X G C2, we set d{X) = dimfc(EndX/radEndX). 
Recall that (see [5l Lemma 8.1]) 

|AutX| = |radEndX|(/(-^) - 1). 

For any X, Y and Z in C2, we will use fg to denote the composition of morphisms 
f : X Y and g : Y Z, and \A\ to denote the cardinality of a finite set A. Given 
X,Y;L€ C2, put 

W{X, Y; L) ^ {(/, g, h) £ hom{X, L) x hom(L, Y) x {Y,X[l]) | 
X 4 L 4 r 4 is a triangle}. 

There is a natural action of AutX x Auty on W{X, Y\L). The orbit space is denoted 
by V{X, F; L). The orbit of (/, g, h) G W{X, Y; L) is denoted by (/, g, /i)^. Then 

{f,g,h)'' = {{af,gc-^,ch{a[l])-^) \ (a, c) G AutX x AutF}. 

We also write Fj^y ~ \'^{X,Y; L)\. Throughout this section, we fix a triple pair 
{X, Y, Z) such that X, Y, Z are nonzero indecomposable objects in C2 and none of 
the following conditions holds 

(1) X^Z^Y[1], 

(2) X^Y^Z[1], 

(3) Y = Z = X[1]. 
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Lemma 1.1. Let X,Y,Z and M ^ be in C2 with X,Y,Z indecomposable and 
M ® Z ^ X ®Y. Then we have 

where Z[^] is the polynomial ring for ^ with coefficients in Z. 

Proof. We define the action of AutZ on V{X, Y;M ® Z) as follows. For any a = 

(( /i -^2 ) ' ( ^2 ) ' ^^"^ ^ ® ^) ^ '^^^^^ 

The orbit space is denoted by V{X, Y;M ®Z). Let 

G^={dGAutZ| (( A /2c!-M'( )'^r = (( A /2)'( 
Then by definition, Ga is equal to 



51 
92 



hr}. 



{d e Autz I (( /i /2rf-i ) 



9i 
dg2 



,h) = {{ afi 0/2 ) 



9ib-' 



92b 



1 ],bh{a[l])-') 



for some (a, &) G AutX x Auty}, 

or equivalently, equal to 

{d G AutZ I dg2 = 32^, gib .gi, a/i = /i and /2(i = a/2 

for some (a, &) G AutX x AutF}. 

Given (6, d) G AutF x AutZ such that dg2 = 52^ and gib = gi, we have the following 
diagram with the middle square being commutative 

( /l /2 ) 



X 



M®Z- 



91 
92 



Y- 









2) 1 



X 



( /l /2 



■M©Z- 



51 
52 



y ■ 



■X[l] 
■X[l] 



By the axioms of triangulated categories, there exists a G AutX such that afi = fx 

and f2d = ffl/2. Hence, 

Ga = {(i G AutZ I dg2 = 52^ and gib = g\ for some b G Auty}. 
The map g\ naturally induces a triangle 



Sl 



y-!^C(ffi) — ^M[i] 



where C(fifi) is the cone of the map 51. Let b' = 1 — b. Then we have 
{b' \ bG Auty I gib = gi} = {b' G Endy | b' G hiRom{C{gi), Y), 1 - 6' G Auty}. 
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We claim that for any t G Hom(C(gi), F), both thi and hit are nilpotent. Assume 
that hit is not nilpotent, then it is invertible since Y is indecomposable. This 
implies 171 = 0. Consider the following diagram 



M- 



M- 





V ( /l /2 ) i I .92 

X M © Z 



0- 



Y 



■M[l] 



X[l] 



where v = ( 1 ) . The middle square is commutative, then there exists u : 
M X such that the diagram is commutative. This implies ufi — 1m- However, 
X is indecomposable and then u is an isomorphism. The morphism 52 is also an 
isomorphism by the octahedral axiom as showed in the following diagram. 



Z 



X 



h /2 



■ M © Z ■ 





92 



92 



Y- 



■X[l] 



X 



h 



M- 



C{g2 



■m 



where C{g2) is the cone of 52- It contradicts to the assumption M (B Z ^ X Q) Y. 
Hence, gi ^ 0. In the same way, we have 52 7^ 0. This implies that for any 
t G Hom(C((7i), F), both thi and hit are nilpotent. We have 1 — hit e AutY. 
Therefore, G-a is isomorphic to 

GL = {d' e EndZ I 1 - d' £ AutZ, d'g2 = .92^' for some b' G /iiHom(C(5i), Y)}. 

Let d' € EndZ satisfy d'g2 = g2b' for some 6' G hihom{C{gi),Y)}. Since 6' is 
nilpotent, we assume (6')'° = for some fc G N, then {d')^g2 ~ 0. However, Z is 
indecomposable and (72 7^ 0. We deduce that d' is nilpotent and then 1 — d' G AutZ. 
Hence, is a vector space. Finally, we obtain 



|AutZ| 



Qey(x,y;Mez) 



Note that the conclusion of the lemma may not hold if M 



Z ' 



□ 

X (SY in 
where n = 



Lemma O then . Indeed, if AT ^ F, F^®^ = |Hom(A:, Y] 
dimfcHom(X,y). If AT ^ y, F^®^ = |EndX| + |radEndX|. 

Denote by {X, Y)z the subset of Homca {X, Y) consisting of the morphisms whose 
cones are isomorphic to Z. The following proposition ([8l Proposition 2.5]) also holds 
for 2-periodic triangulated categories. 

Proposition 1.2. For any Z, L, M G C2, we have 

(1) Any a = {I, to, n)^ G V(Z, L; M) has the representative of the form: 



Z ■ 



M ■ 



( TO2 ) 



nil 






^^22 



Z[l] 
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where Z — Zi{a) © ^2(0:), L ~ Li{a) © ^2(0), nn is an isomorphism 
between Li{a) and Zi(q:)[1] and ^22 G radHom(L2(a), ^2(q:)[1]). 

(2) 

\{M, L)z[i]\ ^ y-^ |EndLi(a)| 

|AutL| ~ |n(a)Hom(Z[l],L)||AutLi(a)| 

and 

\{Z,M)l\ ^ |EndZi(a)| 

|AutZ| ^^yf^^.,,^ |Hom(Z[l],L)n(a)||AutZi(a)| 

where n(a) = ( ^ 

\ 71.22 

For a e (/, m, n)^, define 

s{a) — dimfenHom(Z[l], L), t{a) = dimfcHom(Z[l], L)n. 
For any objects U, V and W in C2, define 

(2) #v:=^|S^,if^^W/®C/[l], 

(3) <.nn.v ■= |Hom(Ty,^[l])| . ^f^^ = 

(4) ^^i.e.W - |Hom(t/[l],W^)| • 'gSgl' = 

Different from [5], we will consider the image of numbers in — 1) instead 

of Z/{q — 1) where is the polynomial ring fo r ^ w ith coefficient in Z. 
We have the following corollary of Proposition [T%] 

Proposition 1.3. Let X, F, Z, L, L' and M be in C2 with X, Y, Z and M ^ being 
indecomposable. Then we have the following properties. 

(1) If L ^ M © Z[l] and L ^ 0, then the number gxYgfb belongs to Z[i]. 

(2) If i = M © Z[l] and L ^ AT © F, then the number gxY9zL belongs to 

(3) If L' ^M® Y[l] and L' ^ 0, then the number g^x9L'Y belongs to Z[i]. 

(4) If L' = M © and L' ^ A © Z, then gzxdL'Y belongs to Z[i]. 

(5) If A ^ y and A ^ y[l], then the numbers gxf^ 9x[i\,x®y " .9x[i],x5(^f 
and gxY^ gY[i],x®Y - 9YfZx9x®Y[i],Y belong to Z[i]. 

(6) If Z ^ A and Z ^ X[l], then the number <?! ®^5|ex,x[i] - [i]5|,o and 
fex ffz©x,z[i] 9x,z[i] 9z.X(sz[i] oeiong to ^[^j. 

(7) 9kY9¥L - 9kY9¥L e n^]- In - 1), ^iysli " S^ySfL - 0. 

(8) - ffixffiV e Zfil- III e - 1), - 9¥x9¥y = 0. 

froo/. If L ^ M © then by Proposition [TH we have = and 

^^^^ " ^ |n(a)Hom(Z[l],L)| ^ ' 
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In the same way, gj^y ^ ^[ql- This proves (1). Next, we prove (2). In this case, 

^ZL — Autz| • proof of Lemma [TTTl Qxy^^^^ is equal to 

^ 1 _ 1 |AutZ| 

^ |/i(a)Hom(X[l],y)| ~ ^ |/i(a)Hom(Xm,r)| IGj^l 

This proves (2). The proofs of (3) and (4) are similar. As for (5), the number 
9xY 9x[i],x®Y ~ 9%:[i]^x9o,Y is equal to 

|Hom(X, r)| - 1 _ gdimfcHom(X,y) _ ^ 

lAutXl ^ |radEndX|(g'i(-^) - 1) ' 

Since = '£;n(ix(Hom(X, F)) e Z, the number belongs to The 

proofs of the rest part of (5) and (6) are similar. We prove (7). If L = 0, then 
9kY9¥L - 9^xy9¥l = \Kkx\ " ^ = 0. If L - M © Z[l], then gf^ = gf^ = 
Hence, ffi^^ffli - ffiySzi = 0. If L ^ M ® and L ^ 0, then by 
PropositionO we have e Z[i] and 5zi "ffii = Eaev(z,L;M)(^ " ^) ^ 
Z[i]. This proves (7). The proof of (8) is similar. □ 

Corollary 1.4. Let X, Y, Z and M be in C2 with X, y, Z and M ^ being inde- 
composable. Then we have 

E 9'xy9¥l- E sMyeZf-] 

[L],LeC2 [L'],L'eC2 ^ 



and in Z[i]/ (g 



el m l' m l -m -l' m 

9xy9zl - 2^ 9zx9l'y = 2^ 9xy9zl - 2^ 9zx9l'y- 

[L],LeC2 [L'],L'eC2 [L],LeC2 [L'],L'eC2 



Proof. As for the first statement of the corollary, by Proposition 1 1.31 fl) and (2), it 
is sufficient to prove that the number 

9xY 9z,X(SY + °x,y[i]9xy9z,o ^ 9zx 9z®x,y - °x,z[i]9zx9ti,Y ^ 

If X ® y ^ M® Z[l] and Z®X^M ®Y[l], by Proposition O (1) and (3), this 
number belongs to Hence, we only need to check the following cases: 

(1) M = X.Y Z[l],X ^Y,X ^Y[l], 

(2) M = Y,X = Z[l],Y ^ X,Y ^ X[l], 

(3) M ^ Z,X ^Y[1],Z ^ X,Z ^ X[l]. 

We note that the cases (1),(2) and (3) are symmetric to each other. Proposition 
11.31 (5) and (6) correspond to the cases (1),(2) and (3), respectively. This proves 
the first statement of the corollary. The second statement of the corollary can be 
deduced by the first statement and Proposition [T^ (7) (8). □ 

Here we recall some notations in [8 . Let X,Y, Z, L, L' and M be in C2. Then 
define 

Hom(M ® X, L)l]f}f^ := { ^ e Hom(M ® AT, L) | 

Conc(/) ~ y,Cone(TO) ~ Z[l] and Cone ( j ^ L'[l]} 
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and 



llom{L' , M ® X)l'^^^^ := {(/',-m') £ Honi(L',M©X) 



Conc(/') 2± y, Cone(m') ~ Z[l] and Cone(/', -m') ~ L}. 

The orbit space of Hom(Af © X, L)j^]^^-^ under the action of AutL is just the orbit 

space of Hom(L', M © X)]^'^'^' under the action of AutL' (see 0)- We denoted by 
V{L' , L; M(BX)y,zii] the orbit space. The fohowing diagram illustrates the relation 
among V{X, Y; L),V{Z, L; M),V{Z, X; L'), V{L', Y; M) and V{L', L; M®X)y.z[i\- 

(1.1) 




Z\l 



Lemma 1.5. Let a G V{L' , L; M © X)y.z[i] has the representative of the form as 
follows: 




/' -m' 
L[ © L'2 ^ M(BX 



m \ Oi 

Of V ^2 , 
Li © L2 ^ L[[l] © L^[l] 



such that 9i is a nonzero isomorphism where L — Li Q) L2 and L' ~ L[ ffi LJ,- Then 
we have 

M = X, Z = Y[1], L = X®Y, L'^X(SY[1]. 
Proof. By definition, the triangle a induces the triangles 



(0 /) 
X ^Li ©L2 



91 
92 



Y 



■X[l] 



and 




/' 



M- 



L[ © L'2 - 
Consider the following diagram 



(0 /) 
X ^Li ©L2 



Y 



91 

92 



Y 



l;[i]©l^[i] 



■X[l] 



Li 



Y 







The left square is commutative. Then there exists a map v such that g2V = 1. 
Since Y is indecomposable, we deduce Y Li and X = L2- In the same way. 
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we deduce L[ = y[l],L2 — M. If we consider the other two induced triangles, we 
obtain Li ^ Z[1],L2 = M and L[ ^Z,L'2 = X. □ 

We define the action of AutX on V{L', L;M ® X)y,z[i] by 

«•((/', -m'), ( 7 ) ,e)r = {{f,-m'a-% ( ^ ) ,9)r 

for any a e AutX and ((/', -m'), ( 'J ) ' ^))^ ^ ^(^'' i'; MeX)y^,z[i]. The orbit 
space is denoted by V{L' , L'\ M ® 

Lemma 1.6. For any a G V{L', L; M©X)y ^[i]) the stable subgroup Ga of a under 
the action of AutX is isomorphic to a vector space if L ^ and L' ^ 0. 

Proof. By definition, 

Ga ~ {a G AutX I af = fb for some b G AutL such that mb = m}. 

(1) If / = 0, then Y = L(B X[l]. However, Y is indecomposable, so L = 0. Hence, 
Y^X[1] and Z ^ M. This imply L' ^Z®X.Ia the following, we assume f ^0. 

(2) U L ^ M (S Z[l], then mb = b implies 6=1-6' with b' e nhom(Z[l],L) 
nilpotent. In this case, Ga is isomorphic to 

G; = {a' e EndX | 1-a' e AutX, a'f = fb' for some b' e nhom(Z[l], L)}. 

Since b' is nilpotent, a' is nilpotent. And since X is indecomposable, 1 — a' e AutX. 

Wc claim that G'^ is a vector space. Indeed, € G'^. For any a[,a2 E G^, wc have 
a'J = fb\ for i = 1,2 and some 6'i,6^ e n hom(Z[l], L). So K +a^)/ = f{b\+b'2). 
It is clear that 6^ + 62 G nhom(Z[l], L) and 1 — (a'^ + Oj) S AutX since a\ + is 
nilpotent. This shows a!^ + a2 € G^. 

(3) If L = M © Z\\\, a has the representative of the following form: 

I ' ° 

( /' -m' ) I /i /2 
L' >■ M®X i- M e Z[l\ ^ L'[l] 

The stable subgroup is 

G„ = {a e AutX \af = fb for some 6 = ( , ^ i,^ ) € AutL} 

V 021 022 / 

where f — (/i,/2). Equivalently, we have 

afi = fi + /2?>2i and a/2 = 72622 • 
Set a' = a — 1 and 622 = &22 — 1- If a' € AutX, then 

Since Y is indecomposable, this shows X = .Z[l] and F = M. In this case, L' = 
0. □ 

For any X G C2, we denote by Ux by the isomorphism class of X. Define the 
multiplication by 

uxUy ■■= Qyx'^l 

and we set uxUy{L) = Qxy- 



HALL ALGEBRAS ASSOCIATED TO TRIANGULATED CATEGORIES, II: ALMOST ASSOCIATIVITY 



Theorem 1.7. Let X,Y,Z and M ^ be indecomposable objects in €2- Then in 
'E[^]/{q — 1) we have 

(1) IfX = Y[1],X ^ Z, X ^ Z[l] and M ^ Z, then 

\f \ f \^(f.T\ dinifcHom(2', X) 
[{uyux)uz ~ Uy[UxUz)\[M) = — — . 

(2) If X^ Z[l],X^ Y.X^ Y[l] and M ^ Y, then 

. I dimfeHom(X, r) 
\{uyUx)uz - UY(uxuzj\[M) = — — . 

(3) Otherwise, 

[{uyUx)uz - UYiuxuz)]{M) = 0. 

Proof. It is equivalent to computer the number E[L],LeC2 9xY9zL-J2[L'],L'eC2 9z'x9l'y- 
By Corollary [13 we have 



E 9ky9¥L- E 9^x9¥y 

[L],LeC2 [L'],L'eC2 

E 9xy9z^l ^ E 9zx9if'Y 

[L],LeC2 [L'],L'eC2 

\{X,L)y\ \{M,L)z[i]\ 



E 



lAutXl lAutLl 

[L],L^M®Z[l]eC2 

^ \{L\X)zn\ \{L',M)y\ 

^ lAutXI ' lAutL'l 

[L'],L'^MeY[i]eC2 

+ |Hom(Z[l],M)| . \(^^^^m)y\ _ m,M^Z[l])z,, 



'|Hom(Af,y[l] 

E 



|AutA:| |Aut(M® Z[l])| 

\{M(BY[l],X)z[i]\ \{M®Y[1],M)y\ 

' ' |Autx| ' |Aut(Af ey[i])| 

1 ^ |Hom(Af©X,i)];;fW| 



|AutX| |AutL| 

[L],[L']:L.L'eC2 ' ' ' ' 

1 |Hom(L',M©X)]^'^W 

\A..fY\'^L',M®Yll]- 



lAutXl "^'.^©nil lAutL'l 

[L],[L'];L,L'eC2 ' ' ' ' 

where S]^^m®z[i] = |Hom(Z[l], Af )| for L ^ M(BZ[1] and 1 otherwise, (5L',j\f©y[i] = 
Hom(7\/, for L' ^ Af©y[l] and 1 otherwise. By Proposition ll.2l and Lemma 

ll.5[ unless L ^ X ® Y and L' = X Q) Y[l], the above sum is equal to 

^ ^ ^ " ■ lAutXl 

[L],[L'];LX'eC2 aeV{L' X-M®X)y,z[i] ^ ^ II 

where s{a) — dimfef?Hom(L'[l], L) — (5^ j\/02[i]dimcHom(Z[l]. Af) and 

t{a) = dimfcHom(i'[l],L)0 - <5L.,M©y[i]dimcHom(Af, F [1]). 

Here, is a morphism from L to L'[V\ in a triangle belonging to a. Consider 
the action of AutAT on V{L',L;M (B X)y^z[i], we always have s{a) = s{a.a) and 
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t{a) = t{a.a) for any a G AutX and a £ V{L', L; M © X)y^z[i\- Hence, the sum is 
again equal to 

[L],[L']-L.L'eC2 aeV(L'X;M®X)Y,z[i\ I ai I I 

[L],[L'];L,L'eC2 aey(L',L;A/ffiX)5,,z[il 

where is the stable subgroup for a £ V{L' ,L]M®X)y^z[i\ - If i = 0,i' = X®Z 
or L = X y, L' = 0, then it is easy to know 



|Hom(M e X, L);r;f W I |Hom(L', M ® X)^!^' 



= 1. 



|AutL| lAutL'l 

Hence, if X = Y[l],X ^ Z, X ^ Z[l] and M = Z (i.e., i = and L' ^ X © Z), 
then 

[{uyux)uz - uyiu^uz)KM) = - • |Hom(Z,X)|. 

By [SI Lemma 8.1], we have 

' ' |Hom(Z,X)|- dim.Hom(Z,X) 



|AutX| |AutX| ' ^ ' ^1 
If X = ^[l],^ ^ r,A: ^ andM^^r (i.e., L = A:®r and L' = 0),then 

[{uyux)uz - uy{uxuz)]{M) = I , ■ |Hom(X, y)' 



|AutA:| ' ^ ' ^1 |AutX|' 

Otherwise, is isomorphic to a vector space by Lemma [1.61 Therefore, the sum 
vanishes in Z[i]/(q - 1). Now we assume that L = X ®Y and L' ^ X (S Y[l]. We 
note that Lemma [1.51 shows that M ^ X and Z = Y[l] in this case. By Lemma 
11.21 we have 

|Hom(MeX,L)^;fW| _ \ViL',L;M®X)Y'^m\ 



|AutL| |AutA:| • |Honi(r,X)| 

and 

|Hom(L',M®X)^'^['l| _ |y(i',L;M©X)^'^W| 



lAutL'l |AutA:| ■ |Hom(A:[l],y)| 

for i = X © y, L' = X © Y[1],M '^X and Z ^ Y[l]. In this case, we deduce that 

|Hom(Z[l],M)|.r;^^^ii;i^4l^ 



|AutX| • |Hom(y,A:)| ' ' ' ' |AutA:| • |Hom(A:[l],r)| 
vanishes. This completes the proof of the theorem. □ 

We note that the theorem is a refinement of Proposition 7.5 in 'S' which is a 
crucial point to prove the Jacobi identity in [5] . 

For any X G indC2, we introduce a new variant 9x associated to X. Define 
a new multiplication between indecomposable objects by the following rules. For 
X,YgC2, 

(1) if X ^ y[l], ux ■ UY := E[L] 9yxUl, 

(2) Ux ■ ux[i] ■■= E[L] 9xii]x + ^x[i], 
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(3) UY-6x ■■= rf(i) ^ ^' S 

(4) dx ■ Uy .- . 

Then we have the foUowing direct corollary of Theorem 11.71 
Corollary 1.8. With the above notation, in 'L[^]/{q — 1), we have 

[{uy ■ Ux) - Uz - Uy ■ {ux ' Uz)]iM) = 0. 

for Af 7^ 0. 

This shows that the new multiplication is 'almost' associative for indecomposable 
objects. Here, 'almost' means that (uy ■ ux) ■ uz or uy ■ {ux ■ uz) may be nonsense 
in {q — 1), (uy ■ Ux) ■ uz ~ uy ■ {ux ■ Uz) makes sense in Z[^]/{q — 1). 

2. The theorem of Peng and Xiao 

Let C2 be a 2-periodic triangulated category as in the last section. We denote 
by G{C2) the Grothendieck group of C2. For any M S C2, we denote by Hm the 
canonical image of M in G(C2), called the dimension vector of M. Denote by h 
the subgroup of Q i^z G{C2) generated hy Hm ■= '3;{m) ^ indC2. Define a 

symmetric bilinear function (— | — ) onhxhas follows 

(hx I hy) = dimfeHom(X,y)-dimfcHom(X,y[l])+dimfcHom(y,X)-dimfcHom(r,X[l]) 

for any X,Y ^ €2- We note that {hx \ hy) E for indecomposable objects 
X,YeC2. 

Let n be a free abelian group with a basis {[X] \ X E indC2}. Let g = h ® n 
be a direct sum of Z-modules. Consider the factor group g(q-i) = g/{q — l)g- 
We denote by UM,hM the corresponding residues. As we know, the associativity 
of the multiplication naturally deduces the Jacobi identity. Here, the situation is 
very similar. The 'almost' associativity of the multiplication defined by gxy for 
indecomposable objects also deduces the Jacobi identity. For any indecomposable 
objects X, Y in C2, we define the Lie bracket over Z[i]/ [q — 1) by 

[ux,uy] := [ux,uy]„ + Sx^Yl^hx- 
wheie [ux,uy]n = T,[L]i9YX - 9xy)ul- And, 

[hx.uy] = -[uy.hx] = -{hx I hy)uy and [h, h] = 0. 
We introduce the notation 

[ux, Uy]n{L) := gyx - gxy- 
Lemma 2.1. [S] Lemma 7.4] With the above notation, we have 

[ux,UY]n{L) = 

where L is a decomposable object in C2. 

By Lemma 12.11 the definition of Lie bracket is well defined. 

Remark 2.2. (1) We refer to |2^ to replace {hx \ hy) in [5j by {hx \ hy). 

(2) In 5;, the Lie bracket is defined by [ux,uy] := Y.[L](iindC2^^YX- Pxy)'^l- 



However, in 'L[\]/{q - 1), g!^x - 9xy = ^yx ~ ^xy 
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Proposition 2.3. Let X, Y, Z be indecomposable objects in C2. Then in (9— 1) 
we have 

[[ux,uy],uz] = ^ux,uz\,uy\ + {ux, [uy,uz]] 
Proof. By definition, we know 

[[ux,Uy],Uz] = [[MX,My]n, wz]n - (.gyx ~ 5xf)^2 ~ (^x.Yli] (^x | hz)/d{X)uz. 
By Lemma |2. 11 we have 

[ux, uy]n = uxwy - uyux 

and 

[[ujf,Wy]n,Mz]n(M) 

= idYX - 9xy)[ul,uz]{M) 

LeindC2 

= I](3yx-5iy)K,"z](M) 

= [(uxUy)Mz - (wyUx)Mz - UziuxUy) + UziuYUx)]{M) 

-Syx /|AutZ| +5'xy /|AutZ|+.gy^ ^V|AutZ|-g^y ^ V|AutZ| 
= [(uxuy)uz ~ {uyUx)uz - uz(uxuy) + uz{uyux)\(M). 
Let A be the set of the permutations of (X, y, Z) . Then 

A = {(X, y, z), (y, X, z), (y, z, x), (z, y, x), (x, z, y), (z, x, y)}. 

Define A+ = {{Y,X,Z),{Z,Y,X),{X,Z,Y))} and A" = A \ A+. If X,Y and Z 
satisfy one of the following properties 

(1) x = z-y[i], 

(2) X = Y = Z[l], 

(3) Y = Z = X[l], 

then it is clear that the identity in the lemma holds. If X, y, Z and M satisfy the 
condition in Theorem [TT7] (3), then using Lemma |2. II and Theorem 1 1.7[ we have 

{[[wx,Wz]n,Wy]n + [ux, [wy,Wz]n]n - [["x, ""yjn, Wz]n}(M) 

= { X! {{uaub)uc - ua{ubuc)) - ^ ((uaub)wc - ua(ubwc))}(A^) 

(A,B,C)gA+ (yl,B,C)eA- 

= { X! [{{uaUb)uc ~ ua{ubUc)) - {{ucUb)ua- uc{ubUa))]}{M) 

{A,B,C)eA + 

= 0. 

It is enough to prove that 

(2-1) (ffyV - 9xy)^z - {Qzx ~ 9xz )^Y - {9yz " 9zy%x = 0. 
By the symmetry of the equation, we need to prove that 

9yx "-z + 9xz '^Y + 9zY '^x — tl. 
By definition, we have, over 'L[-]/{q — 1), 

ggW _ \{Y,Z[l])x\ \{Y[llZ)xm\ _ g^^ 
d{Z) |Auty|-d(Z) |AutZ|-d(y) d{Y) 
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and 



d{z) \kntx\-d{z) \k\iiz\-d{x) d{xy 

The equation p.ip follows this and the property hz + hy + hx — 0. 

This shows that the Jacobi identity holds. Now we assume that the condition of 
Theorem 0(1) holds, i.e., X ^ Y[l] and Z ^ M but X ^ Z and X ^ Z[l]. We 
note that Lemma l2.1l and the properness condition imply [ux, UY]n — 

OifX ^ Y\l]. 

Following Theorem [TT7] (1), we have 

dimfeHom(Z, Y) 



[{uxUy)uz - ux{uyuz)]{M) = 

[{uyux)uz - UYiuxUz)]{M) = -- 
I this implies 

[uy{uxUz) - ux{uyUz)]{M) 



d(X) 

and 

dimfeHoni(Z, X) 

~d(x) ■ 

By Lemma \TJ\ this implies 

dimfeHom(Z, X) - dimfeHom(Z, Y) 



diX) 

Similarly, using Theorem [TT7] (2), we have 

dimfeHom(X,Z)-dimfeHom(XZ[l]) 

[(uzuy)ux - (uzux)uy\[M) = — — . 

d(X) 

Therefore, we obtain 

{[[ux,Uz]„,UY]n + [ux, [uY,Uz]n]n}iZ) = -{hx \ hz) / d{X)[[ux , Uy], Uz]{Z) . 

In the same way, the Jacobi identity holds for the case that X ^ Z[l] and Y = M 
but X '^Y and X ^ This completes the proof of the proposition. □ 

The following is the main result in [5]. 

Theorem 2.4. Endowed with the above Lie bracket, g(q-i) is a Lie algebra over 
Z/iq-l). 

Proof. Let X,Y and Z E indC2. By Remark 2.1, we know that in 'Z[^]/{q — 1), 

9yx - 9xY = Pyx - ^XY and Fyx ~ ^xy ^ ^- By Proposition [231 we only need 
to verify the Jacobi identities 

[[hx,UY],uz] = [[hx,uz],UY] + [hx, [uy,uz]] 

and 

[[hx,hY],uz] = [[hx,uz],hY] + [hx, [hY,uz]] 
hold. They can be easily verified by the definition of Lie bracket. We refer to [5] 
or [2] for details. □ 



By Corollary 11.81 we can give a new version of the above theorem. For any 
M e C2, we set 

h*M — Om ~ Om[i] and h^j — dMh\j. 

It is clear that h\.j — — /^^/[]^]• Let h* be the abelian group generated by h\.j for 
M G indC2. The symmetric bilinear form for h naturally induces the symmetric 
bilinear form for h*, denoted by (— | — )*. Moreover, we have the following result 
analog to the additivity of dimension vectors in G(C2). 
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Lemma 2.5. Let M A L ^ N \ M[l] be a triangle for M, N and L in C2. Then 
for any Z G C2, we have 

Proof. Applying the functor Hom(Z, — ) on the triangle, we obtain a long exact 
sequence 

^ Hom(Z, A^[-l]) RomiZ, M) 

Then we have 

dimA:Hom(Z, M) - dimfcHom(Z, M[l]) + dimfeHom(Z, N) - dinifeHom(Z, N[l\) 

= dimi;Hom(Z, L) — dimi:Hom(Z, -/^[l]). 
Applying the functor Hom(— , Z) on the triangle, we obtain 

dinifcHoni(M, Z) - dimfcHom(M[l], + dinifeHom(iV, Z) - dimfcHom(7V[l], Z) 

= dimfcHom(L, Z) - dinn.Hom(L[l], Z). 
This completes the proof of the proposition. □ 

Lemma 2.6. For any X, Y and Z G indC2, we have 

{Ox ■ Oy) ■ uz = {By ■ Ox) ■ uz and uz ■ {Ox ■ Oy) = -uz ■ {Oy ■ Ox)- 

Lemma 12.51 and 12.61 strongly suggest us to make the following assumptions for 
h*. For any X,Y and L in C2 with the triangle X L ^ Y X[l], we have 
h*x + hy — h\ and h^hy — hyh*^. Let g* = h* © n and g(^_i) = S* /{q - !)§*■ 
Then the new multiplication in the last section naturally induces a Lie bracket over 
g(g-i)' i-e-: for X,Y e indCa, 

[ux.,uy]* := ux ■ UY - UY ■ ux, [h*x,UYY ■= h*x ■ uy - uy ■ h*x 

and 

[h*x,h*YV :=0. 

Then we have an analogue of Theorem I 2 . 41 which is a direct consequence of Corollary 
11.81 and the fact that the 'almost' associativity implies the Jacobi identity. 

Theorem 2.7. With the above notation and assumptions, g(q_i) is a Lie algebra 
over TLl{q — 1). 

Proof. Given indecomposable objects X, Y and Z in C2, we need to prove the Jacobi 
identities 

[[ux,uy]*,uz]* = [[ux,uz]*,uy]* + [ux, [my,uz]*]*, 
[[hx,UY]*,uz]* = [[hx,uz]*,UY]* + [h*x, [uy,uz]*]* 

and 

[[h*x,hYr,nz]* = [[h*x,uzrM* + [h*x,[h*Y,nz]r 

hold. The second and third identities follows Proposition 12.51 We prove the first 
identity. By CoroUarv ll.Si it is enough to prove 

[[ux , uy] * , uz] * (0) = [[ux,uz]*,uy]* (0) + [ux , [uy , uz] *] * (0) . 
The proof is similar to the proof of equation (|2.ip . □ 
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However, it is not clear whether there exists some explicit relation between g(g_i) 
and g(,-i). 
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